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General Linear Programming

= Given a set of real numbers a4, a,, ..., a,, and a set of variables

X1, Xy, ..., Xn, @ linear function f on those variables is defined
by:

n
flxy, .o, xp) =ayx1 + -+ apx, = 2 ajXx;
j=1
= Formally a linear programming (ZgtE#1. %l|) problem is the

problem of either minimizing or maximizing the linear function
f subject to a finite set of linear constraints (24 2] %):

= Linear equality: f(x¢, ..., x,) = b.
= Linear inequalities: f(xq, ..., xn) < b, f(xq, ..., x,) = b.
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.
General Linear Programming

Example 10.1
min —2x; + 3x,
s.t xq+x,=7
. X1 —2x, < 4
subject to X, =0

= \WWe have learned how to solve it in high school. Why do we
study here?
" How many variables here? How many constraints here?

= Can we use high school method to solve linear programming with three

variables x4, x5, x37?
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Terms for Linear Programming

= Feasible solution (F]474##): A solution satisfying all the constraints.

= |nfeasible solution (4~ a] 47 /i#): A solution not satisfying at least one
constraint.

= Objective value (H #7{HE): The goal to maximize or minimize.

= Optimal solution (F A fi#): The feasible solution to maximize or
minimize the objective value.

= Optimal objective value (F4 H #7/E.): The objective value calculated
by the optimal solution.

= Unbounded (JE5L1H): A linear programming problem with feasible
solution but infinite objective value.
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Terms for Linear Programming

Infeasible solution >

Optimal solution

Feasible solution
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Standard Form of Linear Programming

= |f we want to use computer to solve linear programming problem,
we should first convert this problem into a formatted input.

= We want to build a standard form for this kind of problem.

= Given n real numbers ¢y, ¢5, ..., ¢;;; mreal numbers by, by, ..., byy;
and mn real numbers a;; fori=12,...,mandj =1,2,..,n. We

wish to find n real numbers x{, x5, ..., x;,; that
n

j=1

max ZC]'X]' :
/ number of constrains

S. t. Cll'ij < bi fori = 1, e, M

number of variables
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Standard Form of Linear Programming

= Given the standard form of a linear programming problem:
n

max z C]X]

J=1
n

S. t. Eaijxj <b; fori=1,..,m
j=1

ijO forj=1,..,n
= \We can extract its coefficients to form an input:
C1 A1 ° Qain
: : : : |, b =

Am1  *° Amn

b,
C =

Cn
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Standard Form of Linear Programming

® Using vectors and matrices

C1 ai1 - Qn by X1
C = . ,A = . . . , b = , X =
Cn Am1 " Amn b, Xn

we can represent the standard form as:

max clx
s.t. Ax<b
x>0

\ A n-dim vector with all 0
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Standard Form Conversion

= |f we have an algorithm to solve the standard form, and convert
any problem to the standard form, we can use this algorithm to
solve any problem.

min not max

-

@—le + 3x, max CjX;
S.t x1+x = not < j=1
X1 — 2x, < 4 I
x; =0 S. t. Z:aijxjgbi fori=1,...,m
a
> =
where is x, > 0? Xj = 0 forj=1..n
Given problem Standard form
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Standard Form Conversion

1. Convert minimization problem to maximization problem.

min f(xq, ..., X,) » max — f(xq,...,X,)

" Example:
min —2x; + 3x, max 2xq — 3x,
s.t xq+x,=7 » s.t xq+x,=7
X1 —2xp, < 4 X1 —2xp, < 4

x120 X120
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Standard Form Conversion

2. Convert equality constraint to two inequality constraints.

f(xq, .., xp) <b
fx1, ) = b » f(xi, ) Xp) = b

" Example:
min —2xq + 3x, max 2x; — 3x,
S.t x{+x,=7 » s.t x1+x, 7
X1 —2x, < 4 X1+ x
x1 =0 X1 —2x, < 4
x1=0
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Standard Form Conversion

3. Convert greater-than-or-equal-to constraint to less-than-or-
equal-to constraint.

f(xg, ., x) = Db » —f(xq, ey X)) < —Db

" Example:

max 2xq — 3x, max 2xq — 3x,
s.t x1+x, <7 » s.t x;+x, <7
X1+x, =7 —X1 — Xy < —7

X1 —2x, < 4 X1 —2xp, < 4
x1 =0 x1 =0

ty) BITAZ(EREER
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Standard Form Conversion

4. If Xj does not have constraint Xj = 0, introduce two new

variables x;" and x;', and let: Non-negative x;' and

.y Py x;' can make up x;
Xj = Xj Xj with any value
with two more constraints: x{ > 0 and x;" > 0.
" Example:
max 2x; — 3X, max 2x; — 3x, + 3x5
st x;+x, <71 2T X st x4 xy—x5 <7
—X1 — X » —X1 — Xy + x5 < =7
X1 — 2%y < 4 X1 — 2Xy' + 2x5 <4
>0 X1, %2, x93 =0
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Slack Form of Linear Programming

® Standard form is good enough to represent every linear
programming problem as ¢, A and b.

= However, it is still not good enough for a computer algorithm to
solve. We want the constraints to be either equality or non-
negative.

= This form is called slack form (#2511 JE=0).

16
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Slack Form Conversion

1. Convert each inequality constraint into a equality constraint and a
non-negative constraint with a new slack variable (FA5H4% 5):
n

n
Xn+i = b — 2 a;jX;
z a;jXj < bi » /
j=1

j=1
Xn+i = 0
" Example:
max 2x; — 3x, + 3x3 max 2x; — 3x, + 3x3

s.t X1+ Xy —x3 7 S.t xa=7—(x1 +x, —x3)
—X{ — Xy +x3 < =7 » X =—7—(—x1 — Xy + Xx3)
X1 — 2Xxy +2x3 < 4 Xe =4 — (x1 — 2x5 + 2x3)
X1,X9,%X3 =0 X1,X9,X3,X4,Xs5,Xg = 0
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Slack Form Conversion

= Slack means difference, to measure how much we can still
increase.

= We call the variables in the constraints as basic variables (Jt /s
A5 51), and the variables in the objective function as nonbasic

variables (FEIE AR5 1),

m Use B and N to store the index of basic and nonbasic variables.

" Example:
max 2x; — 3x, + 3x3
S.t x4 =7—(x1 +x, —x3)
B =1{4,5,6
X5 = =7 = (X1 — X3 + X3) N={{123}}

Xg = 4 — (,X'l — ZXZ + ZX3)
X1, X2, X3, X4, X5, X = 0
) BITARER2E
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Slack Form Conversion

2. lgnore maximization and introduce a new variable z and a
constant v to represent the objective value.

maxz CjX; » zZ = v+chxj

JEN JEN
" Example:
max le — 3x2 -+ BX3 z=0 + 2x1 — 3x2 -+ 3X3
St x4 =7—(x1+ x5, —x3) Xe=7—(x1 + x5, —x3)
Xs = —7 — (—X1 — X2 + x3) Xs = =7 — (—x1 — X2 + x3)
x6=4—(x1—2x2+2x3) x6=4—(x1—2x2+2x3)
X1,X2,X3,X4,X5,Xg = 0 X1,X2,X3,X4,X5,Xg = 0

6y BIIXFERFER
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Slack Form of Linear Programming

® Given the slack form of a linear programming problem:

z=0+4+2x; —3x, + 3x3

All variables have

Xy = 7 — (xl + x, — x3) non-negative
traint and we
Xe = =7 —(—x1 —x, +x cons
5 ( 1 2 3) can ignore here.
Xeg =4 — (x1 — 2x, + 2x3) —

= We can extract its coefficients to form an input:
B={456},N={1,23}, v=0

2 1 1 -3
c=|-3|,b= =1-1 -1 1
3 1 -2 2

@) BIIRPERLR
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Classroom Exercise

Convert the following linear programming problem into slack
form and extract the input vectors and matrix.
min —xq — 2Xx,
s.t x;+2x,<6
—3X1 — 2x, = —12
Xy < 2
X1,X2 =0

6y BIIXFERFER
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Classroom Exercise

Solution:

z=04+x; + 2x,
X3 =6 — (x1+ 2x3)
x4 =12 — (3x1 + 2x5)
Xs =2 — Xy
B ={3,45},N={1,2},,v=0

6 1 2
c:BLb='u,A=:32]
2 0 1

AT [% MDA .}, it ENESYR 22
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Simplex Algorithm

= Simplex algorithm (EL.4[i J£7%) is an efficient algorithm to solve
linear programming in polynomial time.

" |t follows several steps to iteratively increase the objective
value:

= Set each nonbasic variable to 0, and compute the values of the basic
variables from the equality constraints.

= Choose a nonbasic variable such that if we were to increase that
variable's value from 0O, then the objective value would increase too.

= The slack variables help to determine how much we can increase values
of nonbasic values without violating any constraints.

(6y) BIIRZEBFR
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Simplex Algorithm

® Given the slack form of a linear programming problem:
Z = @+@+ 2@
x4 =30—x1 —xp —3x3
Xg = 24 — 2x1 — 2X, — 5x3
X =36 —4x1 — xp — 2X3

" |[n simplex algorithm, we always set nonbasic variables at O.
Therefore, the initial solution is (0,0,0,30,24,36) with z = 0.

= How to increase the value of z?

Choose a non-negative nonbasic variable and increase it as
much as possible.

24
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Simplex Algorithm

® Given the slack form of a linear programming problem:

Calculate b;/a;, for
selected nonbasic
variable e and every
basic variable i.

= |f we select x4 to increase and remain x, = x3 = 0, how much
as most we can increase x4 ?

Compare 30/1, 24 /2 and 36/4 and select the minimum one,
which can increase x; without violating nonnegative
constraints.

@) BITRHERER
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Simplex Algorithm

= \We select x; and increase it up to 9, x4 is not a nonbasic
variable any more.

= \We set all nonbasic variables at 0 at each iteration.

x6=36—4x1—x2—2x3

6y BIIXFERFER
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Simplex Algorithm

X, X3 3%
z=274+242_20
P — 4 2 2
Z:3X1+XZ+ZX3 x1=9—zz—?3—x6 _9_x2_x3_x6
X4 =30 —x1 —xy — 3x3 _ *1 7 4 2 4
X5:24‘—2xl—2xZ—5.X3 x :21_3x2_5x3+x6
x6=36—4x1—x2—2x3 4 4 2 4
—6—&—4x +3E
*s 4 373
X2 X3 Xg . . .
= Replacex; =9 — .~ 5, L into objective value and other

equality constraints.

= x, becomes basic variable and x5 becomes nonbasic variable.
The solution in this step is (9,0,0,21,6,0) with z = 27.

) BIIRFEREM f DR A RNEER 27
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Simplex Algorithm

= Given the slack form of a linear programming problem:

: 1 5, 6 .
= Select x3 to increase. Compare 9/(5), 21/(5), ’ and select the minimum
3
one: -
2

3 3x X X
= Wegetxs =>—==2—"+2

6y BIIXFERFER
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Simplex Algorithm

X X3 3X6 111 X9 X5 11X6
=27 4+2 43 o2 5
z 4 2 4 T w x4 16 8 16
x,=9—2_13_ %6 =35 "3t 33 % , X5 5%
4 2 4 = T 1678 T 16
_ 3x2 OX3  Xg _ 3 3x; X5 Xg
3 x €9 3x, Sxg.
2 6 X X X
Xe =6 ——— —4x3 + — — 2 > _ 6
4 2 =3 71678 16

3 3x
= Replace x3 = — 82

equality constraints.

— 25 + 3;6 into objective value and other

= x5 becomes basic variable and x5 becomes nonbasic variable. The

3 69 111
solution in this step is (— 0 -,—,0,0) with z = -
6y) BIIXRERFMKR % T R HER -
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Simplex Algorithm

= Given the slack form of a linear programming problem:
111 x, x5 1lxg

We don’t calculate here
because increase x, always
satisfy the constraint of x,.

16

= Select x, to increase. Compare (34—3)/(1—16), (;)/(3) and select the minimum
one: 4.

8
= Wegetx, =4— :3— —+3

@) BITRHERER
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Simplex Algorithm

111 x, x5 1lxg

z 4716 8 16 o T z 6 6 3
Xy Xg X6 X2 =073 T 3T g . 3 5 6
xl = —_ -+ —_ x1 —_ 8 + + -
4 1 1 — 6 6 3
3 3x26 x85 x66 o = 4 — 8x3 B 2Xs +x6
_ X2 X5 B Xe X, =18 — 3 4 5
=T 96 T8 T 16 ! 2 2
8 2 . .
" Replace x, = 4 — =825 4 Deinto objective value and other
2 3 3 ' 3

equality constraints.
= x, becomes basic variable and x3; becomes nonbasic variable.
The solution in this step is (8,4,0,18,0,0) with z = 28.

6y BIIXFERER M AT tRNHER 31
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Simplex Algorithm

® Given the slack form of a linear programming problem:

=28-2_2_ —°
’ .X'6 .X'6 x3
3 5 6
— 8 _Z6
x1 + 6 -+ 6 3
B 8x3 2x: Xg
X2 = 3373
X3 X5
=18 -2+
X4 2 T2

= Now, there’s no nonbasic variable that we add increase to
increase the objective value. The algorithm terminates with
solution x; = 8,x, = 4 and optimal objective value 28.

) BIIRFEREM f DR A RNEER 32
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Pseudocode

Simplex(4, b, ¢)

1 (N,B,A,b,c,v)« InitializeSimplex(4, b, ¢) Pivot(N,B.A,b.c,v.1,e)

2 while some index j € N has ¢; > 0 do 1 b« by/ay,

3 choose an index e € N for which ¢, > 0 2 foreachj € N —{e}do d, < ajj/aj

4 for each index i € B do 3 Qg <« 1/ay,

5 ifa;, > 0 then A; < b;/a;, 4 foreachi € B—{l}do b; « b; — a;,b,

6 else A; « oo 5 for eachj € N — {e} do 4;j < a;j — Qjele;

7 choose an index [ € B that minimizes A; 6 ] < —Aje0y

8  if A; = oo then return "unbounded" 7 D« v+cehe

9 else (N,B,A,b,c,v) « Pivot(N, B, A, 8 foreachj € N —{e}do(j « ¢j — celej
b,c,v,l,e) 9 Q « —Celyg

10 fori « 1 tondo 10’)"—1\’—{8}“{1}

11 ifi € B then ¥; < b I1B < B—{l}U{e}

12 elsex; < 0 12 return (N,B,A, b, ¢, D)

13 return (Xq, X5, ..., Xy)

6y BIIXFERFER
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Simplex Algorithm

/

What the hell is simplex?

@ BIIXFEEFR
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Simplex Algorithm

" Let’s go back to the first Gaokao example:

max 3x; + 4x,
s.t  3x; +2x, <12
X1+ 2x, <8
x1 =0
X, =0

ty) BITAZ(EREER
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Interpretation of Simplex Algorithm

X420

" Convert it into slack form:
Z = 3xq1 + 4x,
x3 =12 — (3xq + 2x5)
X4 =8 —(x1 + 2x5)
® Slack form represents each
constraint with a variable.

& )
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Interpretation of Simplex Algorithm

x1=0

= Given the slack form of a x3 =0
linear programming problem:

z = 3x1 + 4x,
X3 = 12 — (3x1 + ZXZ)
Xgq4 = 8 — (x1 + ZXZ)

= \We start from the solution
(0,0,12,8) with z = 0.

Initial solution (0,0,12,8)

AT [% M~ .}, HTREN#ESR 37
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Interpretation of Simplex Algorithm

= Given the slack form of a x, =0
linear programming problem: X, =0

z = 3x1 + 4x,

x3 — 12 _ (3x1 + sz) ........... :
Xgq = 3 — (x1 + ZXZ) ........... 3.
= Select x4 to increase. 2
Compare 12/3,8/1and _—
select the minimum one: 4.
2x X ¥z =0
" Wegetx; =4 ——==-=
3 3 x3 =0

Initial solution (0,0,12,8)
6y BIIXRZERFR
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Interpretation of Simplex Algorithm

= We get a new slack form:
z=12+ ZXZ — X3

sz X3
— 4 — _
1 3 3
X2 X3
4 3 3

" The objective value
increases along x;.

= Now, x; becomes basic
variable and x5 becomes
nonbasic variable.

Gy BITARERSER
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Interpretation of Simplex Algorithm

= \We get a new slack form:
Z:12+2x2_x3 X1=0

2Xy  Xg
=4 — —
1 33
X2 X3
—4- 24
X4 3 3

= Now, we can figure out:

= Nonbasic variable means that the
constraint boundary is reached.
They are equal to O.

...............................................................................................

= Basic variable means that they the
constraint boundary is not
reached. There are still spaces to
improve.

X2=0

) BIIRFEREM f DR A RNEER 40
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Interpretation of Simplex Algorithm

" Given the slack form of a
linear programming problem: x, =
z=12+ ZXZ — X3 ...............

sz X3

3 3

4x2 x3 ........................... ............... Prev;oussglunon(0,0,12,8)

Xo =4 ——=+—> S 1\ W S

u We Ca n reconstru Ct th e ............... ........... 3 .................. ............. ................. .........
figure using nonbasic N\

X1=4—

b

variables x, and x5 as the
new axis.

@) BITRHERER
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Interpretation of Simplex Algorithm

= Given the slack form of a linear
programming problem:

Z:12+2x2_x3

2x2 X3
x1 — 4 - -

3 3 : : : :
4'-X'Z X3 ek \. ............... g..A.Pr.ewio.us.scf;l.ut.ioné.(().,O,12,8)
Xy, =4 — 3 + 2

= Select x, to increase. Compare
4/(2), 4/(%) and select the

minimum one: 3. x3=0 0

3
= We get x, =3+2—3—%.

@) BITRHERER
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Interpretation of Simplex Algorithm

= We get a new slack form:

X3 X
z=18-=-22

X X
XZ=3+43_ 44

= The current solution is
(2,3,0,0) with z = 18.

" The objective value
increases along x,.

%
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" In geometry, a simplexis a
generalization of the notion of a
triangle or tetrahedron (PUa {4)
to arbitrary dimensions.

= a3 0-simplex is a point,
= a3 1-simplexis a line segment,

= 3 2-simplex is a triangle,

= 3 3-simplex is a tetrahedron,

= a 4-simplex is a 5-cell. Polyhedron of simplex
algorithmin 3D

(6y) BIIKFERFR AT HAENHYR a4
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Classroom Exercise

Use simplex algorithm to solve the following slack form linear
programming problem:
z=04+x; +2x,
X3 =6 — (x1+ 2x3)
x4 =12 — (3x1 + 2x5)
Xg = 2 — X5

6y BIIXFERFER
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Classroom Exercise

= Given the slack form:
z=04+x +2x,
X3 =6 — (x1+ 2x3)
xXe =12 — (3x1 + 2x5)
Xg = 2 — X5
= Select x; and compare 6/1 and 12/3.

2
= We get: x; = 4—%—%.
6y) BIIXRERFMKR 46
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Classroom Exercise

2 :
= Replace x; = 4 — % — % in and update the slack form:

4x2 X4
? 33
xz X4

— 4 — _
*1 3 3
xz X4

=2 — +
*3 3 3

Xg =2 — Xy

= Select x, and compare 2/(%) and 2/1.
= We get: x, =§——+—.
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Classroom Exercise

3 3 :
= Replace x, = S~ % + %4 in and update the slack form:
Z=6— X3
X3 X4
X1 =3+—=——=
! , 22
X3 X4
Xy == — +
N
X3 X4
Xg = + —
2 4 4
. : 3 . . S
= Final solution: x; = 3, x, = = with optimal objective value 6.
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Conclusion

After this lecture, you should know:
® What is linear programming problem.
" How to convert it into standard form and slack form.

" How to use simplex algorithm to solve linear programming.
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Homework

P192-193
10.1
10.3
10.6
10.7
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